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ABSTRACT

Based on a set of finite-sized charged planes (FSCP), a simple time-dependent three-dimensional spatial model
for the electric potential and electric field in an inhomogeneous medium composed of dielectric materials and
metal contacts is proposed and used to assert triboelectric nanogenerator operation. Solving the problem of FSCP
makes the three-dimensional spatial model relevant for practical TENG applications and allow for accurate and
reliable results. Connecting the metal contacts to an electric resistance, Kirchhoff's law is used to derive a first-
order time-dependent differential equation for the mobile charges on the metal contacts and the displacement
current. Specially, the displacement current (Maxwell's displacement current) in a TENG equals to the con-
duction current in the external circuit is obtained. We then consider two important types of triboelectric na-
nogenerators: the contact-separation (CS) mode and the single-electrode (SEC) mode. A forced movement of the
dielectric materials and/or the metal contacts leads to currents flowing in the system and a time-varying elec-
trical potential, and therefore the generation of electrical power. Then, new and more accurate capacitance
equations for CS and SEC modes of TENGs are extracted. Several examples of energy harvesting scenarios are

finally analyzed.

1. Introduction

Triboelectric nanogenerators (TENGs) have received extensive at-
tention due to numerous applications in the area of energy harvesting
and self-powered sensors, demonstrating their promising potential to
power the next generation of mobile and randomly distributed elec-
tronic devices [1-8]. Although triboelectric effects are usually un-
desirable, for TENGs they provide a useful and applicable strategy to
harvest energy from low-frequency environmental vibrations and mo-
tions [9,10].

In order to develop an efficient design of TENG structures and a
more accurate prediction of their output characteristics, an in-depth
understanding of triboelectric material selection, static triboelectric
charge (density), and time-varying electric fields is a prerequisite.
Hence, accurate simulation models that fit practical realizations of
TENGs are urgently necessary. In fact, selection of triboelectric mate-
rials mostly depends on semi-empirical triboelectric series (SETS), built

according to the electron donor-receptor behavior of various materials
[11,12]. In the SETS, different materials are arranged within a column
where materials close to the top tend to lose electrons when in contact
or rubbing the materials below them [13]. Once the triboelectric ma-
terials of TENGs are selected, an external force generates tribo-electric
charges at the contacting surfaces because of the different work func-
tions of the materials, or due to ion transfer, charged material transfer
and so on [14-16]. Owing to leakage through the dielectric or sur-
rounding gas, triboelectric decharging may result, but the triboelectric
charge can be replenished by virtue of a series of contact-separation
steps that eventually lead to a steady state saturated triboelectric charge
value [17,18]. Furthermore, these triboelectric charges will create an
electric field not only between the two contacting surfaces (or air-gap)
but also in the dielectric materials [19]. Also, due to the presence of
triboelectric charges, image charges will be induced in the metal elec-
trodes resulting in a new modulated electric field distribution [20].
Recent years have witnessed many phenomena that can be attributed to
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a spatiotemporal varying electric field such as edge effects and the gas
(air) breakdown [10,21,22]. In addition, as the air-gap distance
changes with time, the induced charge densities increase/decrease and
lead to a time-dependent electric field, meanwhile the displacement
current between the two metal electrodes of TENGs [23,24]. From an
electrodynamics point of view, the time-varying electric field is the
physical effect responsible for TENG operation. However, although the
electric field plays an important role for the output behavior of TENGs,
studying the effect has not been much of a priority till now [17,25]. One
reason is that a detailed and reliable model which can explain the
working mechanism of TENGs has not been available [9,10,18,19].

In this paper, we present a time-dependent and universal three-di-
mensional (3D) spatial model for TENGs based on Maxwell's equations.
We derive a system of equations for the time-varying electrical poten-
tial, electric field, mobile charges, current, and electrical power from a
set of finite-sized charged planes (FSCP). Solving the problem of FSCP
makes the three-dimensional spatial model relevant for practical TENG
applications and allow for accurate and reliable results. More im-
portantly, we show how the time-varying electric field influences the
operation of TENGs. From the time-varying electric field we determine
the associated displacement current and conclude that the displacement
current generated in a TENG equals to the conduction current in the
external circuit. Two typical models, the contact-separation and single-
electrode modes of TENGs are considered and our theoretical results
show excellent agreement with a previously published model (DDEF
model) [19]. Next, we derive capacitance equations based on the 3D
spatial model for the CS and SEC modes of TENGs. Furthermore, a
comprehensive analysis of energy harvesting scenarios for various
electrical loadings, triboelectric charges, and mechanical excitations is
discussed in detail providing a direct visualization of advantages and
disadvantages of the different operating conditions.

2. General theory

We first derive a general expression for the electric potential due to
a number of finite-sized charged planes. We will consider the medium
as being composed of different dielectric materials containing tribo-
electric charges. The composed medium is sandwiched between two
electrodes with free charges [16,19]. The Maxwell-Poisson equation

V-D @
where p is the charge density of free movable charges (on the elec-

trodes) and triboelectric charges in the dielectric media. We shall as-
sume the constitutive relation

D) =e(@E()

p(x)

@

holds locally everywhere in the dielectric material. Since the dynamics
is considered weak (low frequency variations), magnetic field effects
can be neglected. We then have V X E = 0 and the electric field is fully
specified by a scalar potential

E -V¢ 3

Thus, we have in the dielectric material @ with constant permittivity

£
= V() Ve) = —&, V3¢ = p(x) 4

where r is the position in the dielectric material @ where the electric
potential is to be evaluated. An integral solution for ¢ in the dielectric
material a is

1 p(r)
4A7te, Ir —r'|

é(r) = av

)

3. Electric potential from a set of charged finite-sized planes

Assume we have N finite-sized planes, all with the same geometric
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dimensions a and b along the x and y directions, respectively. The
planes are all centered at (x, y) = (0, 0) and located at positions 2y, ...,
zy with surface charges oy, ..., on, respectively. From Eq. (5), the
electric potential at an arbitrary point r = (x, y, 2) is

N a/2  pb/2 gjdx’ dy’
X, ¥,2) =D, ‘
6y 2 = Tis Lo Loz ame(r) =X+ =y P+ @ - )
_ ZN oj a/2 b/2 dx’ dy’
i=1 4ne(r) Y—a/2 J-b/2 V“(x—x’)2+(y—y’)2+(z—zi)2 (6)
Where ¢, = ¢ (r), and the electric field is

E(x,y,2) = -V¢
N

2

i=1

o; a/2 b/2 dx'dy’
4me(r) Ia/l ‘[b/l xE=xXP+0-yP+&-z)
x=x,y—Y,2—2)
Ja=xP+ @ -y’ +@-z) %]

Evaluating the electric field as a function of the z coordinate at the
center of the planes, where x =y = 0, we find that E, and E, vanish
identically due to antisymmetry when integrating over the x’ and y’
directions. The electric field component along the z direction is

N
0i(z —zi) pal2 pbl2 dx'dy’
E;(0,0,z2) = e S
7 ( 2) ; 4me(r) ¢/—la/2 -[b/z % + 92 + (g — 2" ®
The latter integral can be evaluated analytically:
falz fb/z dx!dyl
—a/2 J-b/2 (xIZ + y/z + (- zi)2)3/2
ab
= ——arctan . -
a0 () () remwr ©

3.1. Plate capacitor

Let us revisit the classical nearly infinite-sized plate capacitor pro-
blem. In this case, we have a charge q distributed on the plate located at
z = z; corresponding to a surface charge o = q/(ab). At z = 2z thereisa
charge —q corresponding to a surface charge o = —q/(ab). From the
latter two equations we find equal contributions from the two plates to
the electric field between the plates, and the electric field becomes

_ 4 b
Ez(0,0,z2) = oG- 4 fim | arctan S—
M 2-TLgboco [a2 /oy2
4(z—ZL)\](E) +(E) +@—z)?
_ 4 b
—2@= 4 jimy | arctan —=
4Mea Z-ZRg b0

4z— ZR)\““(%)z + (g)2 +(@z—r)?

9
=
(10)
since
. ab T
lim | arctan = = 5
a,b—o0 2
4(z — ZL)\/(%) + (g) + (z — z1)?
. ab i
lim | arctan 5 = = _E
a,b—oo _ ‘c‘ a b _ 2
] 4(z ZR)\J(Z) + (2) +(z—zgr) ] an
when 2z; < z < 2zg. The result in Eq. (10) agrees with the standard
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Fig. 1. (a) The charged surface on the right
induces charges on the surface of a metallic
sphere, and charge is conserved during the

R _-@® induction process. (b) For a positive point
/ B charge, its electric field lines are directed

—— / radially outward. (c) Electric field is in-
/ AV = -I:E-ds duced in a dielectric material, the ampli-

tude of which is less than the external field.

i OA (d) The electric potential difference be-

tween A and B in an electric field can be
calculated by an integral. Note that the in-
tegral does not depend on the path taken
from A to B. (e) and (f) Schematic of a ty-
pical contact-separation (CS) mode tribo-
electric nanogenarator (TENG) and a single-
electrode (SEC) mode TENG in the rectan-
gular coordinate system, respectively.

result (as it must!) by use of the Maxwell-Poisson equation V - D = p
and Gauss's law:

fv V.DdV = fs DndA = AD = gq 12)

Since D = ¢,E and p = q/A.
3.2. The electric potential and Kirchhoff's law

We will now obtain a convenient alternative expression for the
electric potential. To this purpose, we will use Leibniz integral rule:

i fv(Z)
dz \Yu®
To write the potential, in the case with charges —o,, o, —oy, 0,
placed at positions 21, 2>, 23, 24, respectively, in an inhomogeneous
media consisting of three materials: A dielectric layer with permittivity
E; containing the triboelectric charge + o7, air with no charges, and a
dielectric layer with permittivity E5 containing the triboelectric charge
—o7 (Fig. 1e). In this case the electric potential at z = z4 and z = z; are
given by
300,29 =——~ [~

gy Y24~

dv(z)
dz

du(z)
dz

f&9&j=f®@n - fu@)

13

L T@dz'+ S j;“’ f@)dz'

e

ar © ' or o '
o Nz - T d
+ e, '/2‘4*12 f@hdz TE, ./1‘4,& f@)dz

Ou © ’ v, Ou e , '
#00.2) == [ f@dz+ = [ 7 f@)dz

ar © ' or o '
— Ndz '— — nd
* g '/z‘rzz F&)dz g ‘/z‘rzz f@)dz 14)

where

ab
4z (g)z + (2)2 +22

Assume an electrical resistance R is connected to the electrodes.
Then the potential over R i
dQ _

AV = RI = —R—<
dt

f(z) = arctan

(15)

do,
dt

(16)
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where A is the electrode area, Q is the capacitor charge, and Kirchhoffs'
law states

doy,
dt

—RA

= ¢(0,0, z4) — ¢(0,0, z1) an

Combining Egs. (14) and (17) determines a time-dependent differ-
ential equation in o, from which o,(t) can be fully specified. For com-
pleteness, we write the differential equation out:

T f @z T @Dz

+£ fZl*ZZ f(Z’)dZ "+ Ou ‘L.‘Zl*u f(z/)dzy

el Y21—23 el

doy

dt

— Cu

T 1y
a8

We find, in the absence of triboelectric charges, or = 0, and for
nearly infinite electrode plane areas, that Eq. (18) simplifies to

do, _ou
—RA—" = a(Z4 z1)
dQ
— R—= =RI=Ed
dt 19

which is the well-known Kirchhoff's voltage law for a standard capa-
citor in series with a resistance R. In obtaining the last equation, we
made use of the limiting expressions in Eq. (11) and wrote I, E = 0,/¢,,
and d = z4 — 21, for the current, the (constant in space) electric field
between the capacitor electrodes, and the capacitor thickness, respec-
tively.

3.2.1. Open-circuit conditions
For open-circuit (OC) conditions, the electrode charge densities +
0, vanish and the OC voltage becomes

o 2423 ,
= Voc = $(0,0, z4) — $(0,0, z1) = — f@)dz
TE, Y24-22
or 2122 ,
+ — "d:
e e 1@ 20)
3.2.2. Short-circuit conditions
The short-circuit (SC) current is given by
do, Ne
Ije = A
¢ dr (1)

where A is the electrode area and 0,°¢ is the SC electrode charge
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density. The latter is found from Eq. (18) by setting the electrical re-
sistance R equal to zero (zero voltage):

€ Y21-22

i./(;m—uf(z,)dz v é‘/(‘)Z47ZIf(Z/)dZ'

o[ L@ R @

(22)

Note that 0,5¢ () is determined immediately by the (constant-in-
time) triboelectric charge or and integrals with integration limits in-
volving the time-dependent values of 2;, 2>, 23, 24.

3.2.3. Energy output
The instantaneous power is given by

ﬂ)z
dt

and the integrated output energy E reads

P(t)=AV()I(t) = RI(t)? = R( 23)

t
E:jo' P(t)dt' 24)

3.2.4. Forced motion and initial conditions

In the numerical examples we present in the following two types of
forced motion and initial conditions are considered.

Forced motion and initial condition 1: Oscillatory motion is en-
forced by assuming

x(t) = M(1 - cos(ﬂ
2
and the electrode charge density satisfies initially

Xmax

(25)

o,(t=0)=0 26)

Forced motion and initial condition 2: The charge density sa-
tisfies 0,(t = Xmax/v) = 0o, Where 0y is the charge density obtained from
Eq. (18) assuming the forced oscillatory motion defined by Eq. (25) and
the initial condition o,(t = 0) = 0. At any time t = X%/, the electrode
carrier density 0,(t) is then obtained from Eq. (18) assuming the air gap
x(t) is fixed at xax- Hence, the electrode charge density experiences a
relaxation in time (for t = xpax/v) due to the presence of the load re-
sistance R.

o
i

— 95~ %p
450F — 94
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g
8 150
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8 of
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4. Numerical experiments

In Fig. 2, we plot the electrical potential as a function of the
thickness of the air gap, i.e., |23 — 25|, for OC conditions of the TENG
shown in Fig. le. An oscillatory variation in the air-gap thickness is
enforced (Fig. 2a) (Forced movement and initial condition 1). The
calculated potentials ¢, = ¢(0, 0, ;) and ¢ = ¢(0, 0, 24) and the OC
voltage Voc = @, — @y are shown in Fig. 2b. As one would expect, the
peak values of @,, @, increase sharply with the increase of the air-gap
thickness and begin to saturate at an air-gap thickness above approxi-
mately 0.2 m (Fig. 2¢). In Fig. 2d, the temporal values of Vo are plotted
using the present model [Finite-Sized Charged Planes (FSCP)] vs. re-
sults of the Distance-Dependent Electric Field (DDEF) model of Dhar-
masena et al. [19] and the capacitance (CA) model [10and26]. In
Fig. 2e, the peak value of the OC voltage is plotted vs. the maximum air-
gap thickness for the three models. Evidently, the present model and
the DDEF model are in exact agreement while the simpler CA model
leads to rather different qualitative and quantitative results. The OC
voltage values as a function of time are considerably larger for the CA
model compared to the FCSP and DDEF models.

In Fig. 3a, we plot the charge density o, vs. time according to Eq.
(22) subject to an oscillatory variation of the air-gap thickness of the
form given by Fig. 2a (Forced movement and initial condition 1) and
for SC conditions. We then compute in Fig. 3b the maximum value of o,
as a function of time vs. the maximum value of the air-gap thickness. It
is clear again that the FSCP and DDEF model agree while deviations are
found for the CA model. Fig. 3c shows a plot of the total charge vs. time
for the three computational schemes with the same conclusions. In
Fig. 3d, the SC current Is¢ is plotted vs. time using Eq. (21). As before,
the peak values are somewhat smaller using the CA model scheme
compared to the FSCP and DDEF schemes. It follows from Fig. 3e that
the peak current increases with increasing frequency of the forced air-
gap thickness oscillatory motion for all air-gap thicknesses. This result
is due to Isc being proportional to the time derivative of the charge
density (Eq. (21)). In Fig. 3f, results for the SC current are plotted using
the three models FCSP, DDEF, and CA. It is clear that the maximum SC
current is a linear function of the frequency. Furthermore, the air gap x
(t) vs. time at SC conditions is depicted in Fig. S1a. Comparison of o,
and Isc at different frequencies using the FSCP and CA models are
shown in Fig. S1, plots b and c.

Fig. 2. (a) Electric potential variations for a

9.0
o forced oscillatory distance of the air-gap
oL ® ) thickness subject to open-circuit (OC) con-
45+ @ ditions. (b) The electric potential and po-
: tential difference vs. time for different
00t @ ® 93 peak maximum  contact-separation  distance
@ ® @ peak (Xmax) at OC conditions. (c) Peak electric
® potential for different x,., at OC condi-
45r ’. tions. (d) Comparison of the potential dif-
® ® -® ference at OC conditions (Vpoc) from the
10V T A SR RS P N FSCP model, DDEF model and CA model
ﬁo'o 02 04 06 08 10 [10,26]. (e) Comparison of the peak Vo for
3 Xmax (M) different x;.x from the three different
1E7 models.
®- FSCP model )
~O- DDEF model ~ o®
1E5F -~ @ CAmodel ..
°
K .’”
1E3F o
o
1 P4
10f o
[ ]
F o
il T— -
17 1E5 1E3 01 10
Xrmax (M)
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(@12 €) 2.0 Fig. 3. Charge and current variations for a
——FSCP model ESCP model forced oscillatory distance of the air-gap
8l 15 i — thickness subject to SC conditions. (a) The
€ £ 10 :f§0j5 Hz transferred charge density (o0,) from the
51 E% . _g; %E{ZHZ FSCP model at short-circuit (SC) conditions.
e 4t o5l —f=5H (b) Comparison of the maximum o, from the
three different models at different x,.x. The
ot 0.0 inset shows a comparison of o, vs. time at
000 001 002 003 004 1E-6 1E4 0.01 1 SC conditions for the two models: FSCP
®) 25 Time () @ Time (s) X(mm) model and CA model. (c) Comparison of the
“O- FSCPmodel e DDEF model 30 transferred charges (Qsc) and (d) short-cir-
10 o — cuit current (Isc) from the three different
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51 E 8 8| the short-circuit current (Is¢) at different
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g 5 o | Fscpmosel | | = .15} Comps'irlson of the peak Is.c at different fre-
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In Fig. 4, we plot output characteristics in the case of an electrical
resistance R coupled to the electrodes subject to Forced movement and
initial condition 2. Results for the electrode charge density as a func-
tion of time are shown in Fig. 4a for electrical resistances in the range
3kQ-10kS2 assuming a triboelectric charge density or equal to 10uC/
m?. As expected the charge density decreases with increasing electrical
resistance at any time and, eventually, approaches zero as the resistance
becomes high enough (near-OC conditions). In Fig. 4b the potentials at
the electrodes first increase and reach their peak values at around 0.01 s
before they all drop to nearly zero at a time of 0.06s. In Fig. 4c, the
electric potential AV is shown as a function of time for different elec-
trical resistances. Evidently, the voltage across the electrodes increases
with the electrical resistance. Values are given up to an electrical re-
sistance of 100 MQ. The peak electrode voltage values are shown in

634

Fig. 4d for electrical resistance values up to 10 GQ. A voltage saturation
begins to set in for electrical resistances above 10 GQ. In Fig. 4e and f
the voltage-total charge and harvested energy are shown corresponding
to different electrical resistance (loading) conditions. Note that the
energy, plotted in Fig. 4f is the area between the respective curves and
the x axis in Fig. 4e. The harvested energy increases with an increasing
electrical load as expected. Especially, the electric potential, potential
difference, and transferred total charges vs. time for various electrical
resistances are depicted in Fig. S2. The peak electric potentials at the
two electrodes are mainly determined by the flow of transferred
charges. The electric field changes strongly in accordance herewith.
Firstly, the peak electric potential occurs at the position where the
electric field changes most drastically as can be seen in Fig. 6, plots d-e,
where Z; and Z3 represent the positions of the top dielectric-electrode
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interface and bottom dielectric-electrode interface, respectively. Sec-
ondly, the total electric field response at the dielectric-electrode inter-
face depends on the electrical resistance, and result in different mag-
nitudes and locations of the peak electrical potential.

In addition, at moderate load resistance values a maximum peak
power generation is obtained. This load resistance is denoted the op-
timum resistance. For instance, in Fig. S9a the optimum power is about
1mW and occurs at an optimum resistance of 100 MQ. This corre-
sponds to a situation where the load resistance is the same as the in-
ternal TENG resistance. Further details on optimum power generation
and load resistance vs. TENG internal resistance can be found in, e.g.,
Refs. [9,10,19].

Further, more, Fig. S3 shows the dependence of the electrode charge
and the electric potential across the electrodes vs. time and the tribo-
electric charge for a fixed electrical resistance of 3 MQ and assuming
Forced movement and initial condition 2. In Fig. S3a the time depen-
dence of the triboelectric charge is plotted as a function of time cor-
responding to an air-gap thickness of 1 mm for a series of triboelectric
charge values in the range 1-150 pC/m?. The peak electrode charge vs.
the triboelectric charge is shown in Fig. S3b. Evidently, there is a clear
linear relationship. Fig. S3c shows the potential across the electrodes as
a function of time for different triboelectric charge density values.
Fig. 5d is a plot of the peak potential vs. the triboelectric charge density.
Fig. S3, plots e-f show the potential vs. the total charge and the energy
output, respectively. It's clear that the higher the triboelectric charge
density the higher the energy output for a certain air-gap thickness
amplitude. The air gap x(t) and potential difference A@ vs. time for
different surface charge densities oy are depicted in Fig. S4, plots a and
b, respectively. Fig. S4, plots c-d show the peak A@ and harvested en-
ergy for different oy values. Evidently, a higher oy value leads to a
higher o, and faster changes in the electric field (Fig. 6, plots g-h), and
therefore a higher electric potential and potential difference. Hence, a

Time (s)

higher o value significantly improves the output performance/power
generation of the TENG.

Plots along the same lines as in Fig. 4, S3 are shown in Fig. 5 for a
variation of the amplitude of the air-gap thickness at a fixed electrical
resistance equal to 300 MQ2 (Forced movement and initial condition
2). It's interesting to note that a maximum voltage across the electrodes
is obtained for an air-gap amplitude of about 3 mm. The voltage drops
for higher air-gap thickness amplitudes since the air-gap thickness
change occurs at constant v value, equal to 0.1 m/s, for all x,,x values.
This behavior is also reflected in the energy output. The air gap x(t) and
potential difference Ag vs. time for different x,,,x values are depicted in
Fig. S5, plots a and b, respectively. Fig. S5, plots ¢ and d show the peak
A and harvested energy for different x,,.x values. It is found that the
maximum A¢@ and harvested energy are obtained when Xx,x = 3 mm.
The reason is that at this air gap thickness, the internal resistance of the
TENG is close to the electrical resistance (300MQ). A systematic dis-
cussion has been given in Refs. [9,10,19]. The optimum choice of R,
Xmax, and or depend intimately on the external loading conditions.
Hence, the best choices of R, Xy, and or for power generation must be
obtained by optimizing the total TENG resistance to the external load.

5. Displacement current through a finite-sized capacitor

Science D = ¢(r)E and the displacement current I, through a surface
S is defined by

oD
s ¢ aS @7

ID =
where n is a normal vector to the surface element dS, we have from Eq.
(7) that the displacement current along the z direction (perpendicular
to the capacitor plates) is



J. Shao, et al.

Nano Energy 60 (2019) 630-640

(@) opx108 @  x108 (@) 4gx10° 0 gpx108
0, = 100 pC/m? 0AF
£ £ 3 3
S oo s | & 17 S oot
2 o =) o
& & -4} & &
[} Z %) o o
E ; & £ o6} £
g -0.24 § .5sl 3 é 0.2}
w w
Xrax=1mm Zs=300M
Sl - -~ B B -043-0IY= 100 tjC’mZ . . 0.0} : . . . 0,= 100 uCim? . .
" 1E-4 1E-3 001 01 1 0 3 6 9 0 3 6 9 1E-3 001 0.1 1
Time (s) Time (ms) Time (ms) Time (s)
(b)  x10° (&) g,00x10° (h)  x108 k) x10°
D00 s Eaee Sty | 0,=100 pC/m? 0.0 0.00 ;
Xmax=1mm 0,=100 uC/m
£ £ -003f E 04} E Zg=300M
= S S . = ‘
- -0.04f = - o -0.04+
Q D L 2 08} Q
; -.L_, 0.06} 7 :_3 z ; 24
= o = - ;——d—/’/ll =
0 ° 5] 3]
@ -0.08f @ ® -0.08f
3 & 0ol & -12F Zg=300MQ w
0, =100 uC/m? B a1 i
20,12k " " ul " -1.6¢ L L L L -0.12 4 L k
1E-4 1E-3 0.01 0.1 1 0 3 6 9 1E-3 0.01 0.1 1
Time (s) Time (ms) Time (s)
(© 5 () (1)
= — 1uC/m? — 10 um
— ‘;mm Xmax=1mm — 1(;uC/m2 L - 300uum
| —3mm Zg=300 MQ o/m? —1mm
—1cm 3 — 20nC/m i
3em [ : e Bl an
- —— 100uC/m? 5em
10k ——10cm —~ .| =
< < 150uC/im? | < 10t ——10cm
=2 0,=100 uCim?| = r = 0,=100 uC/m?
5t 051 Z=300MQ
¢ [ . i - al [ L L L L L L 0.0 -,
1E<4 1E3 001 01 1 6 2 4 6 8 10 1E-5 1E4 1E-3 001 01 1
Time (s) Time (ms) Time (s)

Fig. 6. Electric field and current characteristics for a forced time dependence of the air-gap thickness using the present FSCP model. The electric field vs. time at the
positions (a) 21, (b) 24, and (c) the corresponding I, at SC conditions. The electric field vs. time at the positions (d, g, j) 2, (e, h, k) 24, and (f, i, 1) the corresponding Ip

for different R, or, and Xpax, respectively.

Ip

of g 12 pbiz
D o o

i=1

Z—2Z
(=P +@-yP+&- zi)z)”z) (28)
If S extends over the full x — y plane, including the region outside
the area defined by the capacitor plates, it is easy to show that I, is
constant in z and given by

2—Zi
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N ) ) 3 i /2
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12 +y1? + 2 —2))

N ) Y] o oi
=ab Ei=1 Lm dx Lm dyla_t(4_7r
(29)

where, in obtaining the third equality, we have used that the integrand
is not a function of x” and y’ due to the substitution of variables x, y by
Xx; = x — X, ¥y1 =y — x’. In the typical capacitor case, we have opposite
charge densities, 0 and — 0, on the two plates. Then, use of Eq. (9) yields
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(30)

where q = abo is the total charge on one capacitor plate. Note that this
is the standard result for the displacement current through a capacitor.
We conclude that this simple expression is still fulfilled in the case of a
finite-size capacitor despite the fact that the electric field is not con-
fined to the region between the capacitor plates due to edge effects. It is
apparent that the above derivation is applicable to the different modes
of TENGs. For the TENG, we have

_9%
T oot

I
P @D

Hence, the displacement current generated in a TENG equals to the
conduction current I in the external circuit. Note that the derivation
above can be easily extended to the general case with several charged
planes (N > 2).

5.1. Electric field for CS mode operation

For CS mode operation, the electric field from the four charged
planes can be written as
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where &(2) is the permittivity at position z. Hence, £(2) is a step function
depending only on which of the three material layers we evaluate the
electric field in. The electric field inside the air gap (between the 23 and
%), dielectric 1 and dielectric 2 are defined as E; 4i(0, 0, Za;r), E, 41(0, O,
Z41) and E, 42(0, 0, Zy), respectively; and the related capacitances are
Cair, Ca1, and Cyo, respectively. Based on the electric field equation of
(32), we can evaluate these electric fields and capacitances, the capa-
citance equations for the CS model TENG (Ccs) with edge effects is
(Supplementary Note 2b):

_ TG E,ab
F(0,0, za)di& + F (0,0, zai)z(H)&ae + F (0,0, za2)d2&

C
cs (33)

where
F(O, 0, Zair) = f(Zair - ZZ) _f(Zair - ZS),
F(0, 0, Zg1) = f(Zar — Z1) - f(Za1 — Z2) + f(Zayr — Z3) — f(Za1 — Z4),

F(0, 0, Za2) = flZaz = Z1) — f(Zaz — Z3) + f(Zaz — Z3) - f(Z42 —Z4); and

dl < Zar < d] + Z(t), 0 < Zy < dl, d1 + Xmax < Zd2

< dy + Xmax + do. Comparison of numerical results of Ccs calculated
using Eq. (33) vs. results for the CA model when considering the in-
fluence of one edge is depicted in Fig. S6. In addition, if there is only
one dielectric included (for instance, dielectric 2) in the CS mode TENG,
the related C¢s can also be derived (Supplementary Note 2b).

In Fig. 6, we plot the electric field vs. time for different x,,, values
at positions z = z; and z = 23 in Fig. 6a, d, g, j and Fig. 6b, e, h, k,
respectively (Forced movement and initial condition 2). The electric
field vs. time relationships are plotted for different R, o7, and air gap
maximum values in Fig. 6d, g, j for z = z; and (e,h,k) for z = z;3. The
displacement current I, for the same set of different R, oy, and air gap
maximum values are shown in Fig. 6f, i, 1. At SC conditions, the electric
field vs. time at the positions z, and z3 for different R, o, and Xy is
shown in Fig. S8. The positions z, and z; are the locations where the
static charges *+ or are distributed.

It is clear that the total electric field response at the dielectric-
electrode interface (z;) is positive when z(t) increases and the initial
position is at z = 0. Then, a positive electrical potential is generated at
the bottom electrode (Figs. 4c, 5¢ and 6¢). In addition, a negative
electric potential is generated at the top electrode. When the two
electrodes are connected, the non-zero resistance R reduces the rate of
the transferred charge compared to SC conditions. Thus, different
profiles of the electric fields (Fig. 6, plots a and d) result. As the air-gap
thickness increases, the electric field first becomes 0 and then negative
at z;. The electric field at 2, and z; are always positive and negative,
respectively (Fig. S8). Note also that the electric field at z; and z4 is
proportional to the surface charge density or.

The displacement current between the electrodes, through any
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surface perpendicular to the z direction, can be computed using Egs. 27
and 28. Results are shown in Fig. 6, plots c, f, i, and 1. We note that the
displacement current is equivalent to the conduction current through
the external circuit as Eq. (30) reveals.

6. Single-electrode mode operation

Consider the structure in Fig. 1f used in single-electrode mode op-
eration (SEC) of a TENG. The electric field component evaluated at the
center (x = 0, ¥y = 0) of the charged planes and perpendicular to the
charged planes (along the z direction) can be written as

Ou

F,(00,2) = 2 f(z - z) - ;’—gﬂz —)+ ;’—jf(z - 2)
0 0

TEY

or

7T€0f (z —z3) 349
when evaluated in the air region between the charged planes and as-
suming the electrode thicknesses are negligibly small compared to the
air-gap thicknesses. Then the related actual capacitances between z;
and 2, (C,), 23 and 2; (Cp), and 2, and 2; (Csgc) can be obtained
(Supplementary Note 2c). For example, Cggc is:

Tiggab

Csge= ———
ST F (0,0, zsso)h

(35)
where F(0, 0, Zsgc) = f(Zsec —Z1) - f(Zsec — Z3), and 0 < Zggc < h.
Comparison of numerical results of Csgc are plotted in Fig. S7 using Eq.
(35) vs. results of the CA model when considering the influence of one
edge. The electric potential reads

oy [ e P ., Op [ .
0,0, z) = "dz'—— Ndz'+— d
¢( ZI) 7'[5()'/(;l f(z ) N gy ‘/Z.I—ZZ f(z ) < ey ‘/Z.I—ZZ f(z ) <
or o ,
-/ @)z
T[Eo 21—33
oy [ . Oy [ ., O [ .
0,0, o) = Ndz'— Ndz'+— Nd
$00.2) = & [7 f@)de— b [T F @)z = [ f @)z
or .
. i Nd
TiEy '/;2723]0(1) ‘ (36)
Hence, the electrical potential across the electrodes is
A¢ = ¢(0,0, z2) — (0,0, z1)
—%u 0 ’ _ % -2 N,y OT [22-23 Ny
=y g S @Az = 2 [ f () dz+ - 27 f () dz
_ ﬂ Z21—33 7 0
ne0J 2122 f@)dz (37)
and Kirchhoff's law implies
do,
Ap = —RA—*
? dr 38)

In Figs. 6 and 7, we show single-electrode mode results of the
electric potential at positions z = z; and z = 2, denoted @, and ¢;, re-
spectively, and their difference subject to Forced motion and initial
condition 2. The electric potentials and their difference are computed
using Egs. 36 and 37. In Fig. 7a, the electric potentials and potential
difference-time relationship with load resistance R = 100GQ2 are
shown. Fig. 7, plots b, d and g show the electric potential vs. time for
different (b) R, (d) o7 and (g) Xmax- Note that the upper (lower) curves in
Fig. 7b and d with the same color correspond to @, (¢3). (c, e and h) The
encircled areas of the electric potential-transferred charge curves with
different (c) R, (e) or, and (h) xy.x are equivalent to the harvested
energy in a half cycle movement. Fig. 7, plots f and i show the peak
electric potential with different (f) o7 and (i) Xyax. The electric poten-
tial, potential difference, and harvested energy (Fig. 7, plots d, f and
Fig. S12, S13) are all proportional to the triboelectric surface charge
density or. In particular, when the distance h between the electrodes is



J. Shao, et al.

Nano Energy 60 (2019) 630-640

@ 39 (b) 300 © Fig. 7. Electric potential and potential
P e of difference of the SEC mode. (a) The
S H S o | B electric potential and potential differ-
S ol — = - = {i ence vs. time with load resistance
% ; — ¢ % ~l3, % 20f — 100 MQ R = 100 GQ. (b) The electric potential
2 | T Pp-0g § % — 360 vs. time for different load resistances.
;,‘ il Z,=100 GQ o -~ ° 1ol I 10GQ (¢) The encircled areas of the electric
3 _ B 22k © 0;= 10 ulim potential-transferred charges curves for
8 Xmax = 0.4 m o =10 uC/m? | 2 Xmax = 0.4 0G0
w w 0;=10 uC/m w Sr:oe:txd;sh:w " different load resistances, equivalent to
8 M Xmax = 0.4 m ol —Sold: g Feb. | === 100G0 the harvested energy in a half cycle
o A " L 22. 1 1 . i i i i 1TQ i i
00 2= =5 25 %{0 15 30 15 ) = o - n.mvement.- (d) Electric potential vs.
Time (5) Time (s) Q(nc) time for different o values. (e) The
@ 300 © 300 ® 300 encircled areas of the electric potential-
Xmax=04m -~ Short dash: gy, . transferred cha.rges curves for different
. Z.=10GQ - e - ; oy values, equivalent to the harvested
S e S Solid: 0g S Xi =04 f .
< = = mae=0.5m / energy in a half cycle movement. (f)
g 200 g 2001 ;’231"020(')4 m g 200r  z=10GQ / — 1 pC/m? Peak electric potential for different o7
k) o h k) £ values. (g) Electric potential vs. time
o ° 15144 ° "."Papeak ® — 5 uC/m? ) 3
B e ol . G0 g ¥ ; for different xnax. (h) The encircled
g 100 5 g 100r bpeak ¢ == 10;Cim areas of the electric potential-trans-
o o 5 o 0 20 pC/m? ferred charges curves for different Xyay,
o f‘ —— 50 uC/m? equivalent to the harvested energy in a
or; . ! " . : i or & ) ) 100 uo/m?  half cycle movement. (i) Peak electric
00 01 02 03 04 030 045 1E6 1E5 1E4 potential for different Xmax.
Time (s) Q (uC) 0, (uC/m?)
@ 30 (h) M 39
o=10pCm: 30F
_ Z,=10GQ S A . 0,= 10 pC/m?
; " - 3‘, i ol 2,=10G0 —— 01 mm
S I s X I —— 1mm
g | g 3 =t
2 2 & o "9 fapeak 3cm
g0 i Shortdashiop, | £ 1° Z oo | & [ % Cbresk T
5] 5 3] =10 uC/m 3]
2 —Solid: 04 2 2 r ° 7cm
w N (| Short dash: ¢}, H v 01m
) A __ Solid: P o 3
o}/ , , oft) ~ —— Sodoea o -, —04m
0.0 02 04 0 15 30 45 1E4 1E3 0.01 0.1 1
Time (s) Q(C) Xrmax (M)

fixed (0.01 m in the present case), the output of the TENG strongly
depends on the air-gap thickness (Fig. 7, plots g, h, i and Fig. S14, S15)
in agreement with earlier observations [9,18].

In Fig. 8, the electric field and the displacement current are shown
for Forced motion and initial condition 2 in the case of single-electrode
mode operation. Results are computed using Egs. (30) and (34). We also
plot the electric field-time relationships at the positions of (subplots a,
d, g) z = z; and (subplots b, e, h) z = 23, and the corresponding I, vs.
time (subplots c, , i) for different R, o7, and x,ax, respectively. In Fig. 8,
plots a, d, and g, the SEC mode TENG electric field behavior is seen to
be qualitatively different from the CS mode TENG. This is due to a
smaller distance (h) between the electrodes for the SEC mode. When h is
small (here 0.01 m), the electric field contribution from charges at 23
strongly affects the electrode charging. As h increases, this electric field
contribution decreases and, eventually, the total electric field at z;
becomes positive (Fig. S18). On the other hand, the electric field at 23
changes little as the resistance R assumes a large range of values
(Fig. 8b). At a sufficiently large z(t), the transferred charge density o,
saturates at half the value of the triboelectric charge density or (Fig.
S11b, S15e). Further, the electric field contributions from charges at z;
and 2z, are negligibly small compared to the electric field contribution
from charges at z3 (Fig. S16). tp. displacement current I, of the SEC
mode TENG is smaller than that of the CS mode TENG because of the
reduced charge transfer between the electrodes for the former mode.

7. Conclusions

Using Kirchhoff's law, we have derived a time-dependent and gen-
eral three-dimensional spatial model for the electric potential and
electric field in the presence of a distribution of static triboelectric
charges in an inhomogeneous medium composed of dielectric materials
and metals. The nanogenerators considered are of the contact-separa-
tion and single-electrode mode types. A system of equations for the
time-varying electrical potential, electric field, mobile charges, and
current are derived for two typical modes of TENGs from a set of finite-
sized charged planes. A forced displacement of the nanogenerator
materials leads to dynamic charges on the metal contacts, currents
flowing and a time-dependent voltage across the metal contacts and,
hence, the generation of electrical power. In particular, from the time-
varying electric field, we determine the generated displacement current
in a TENG and conclude that the displacement current is equal to the
conduction current in the external circuit, which is important for un-
derstanding the nature of TENGs. The capacitance equations based on
the 3D spatial model for the CS and SEC modes of TENGs are also de-
rived, and we conclude that the numerical calculations are very similar
to these results calculated using the CA model when considering edge
effects. Finally, we analyze different mechanical excitations, electrical
loadings, and triboelectric charge cases for the harvesting of electrical
power and assert advantages and disadvantages of the various oper-
ating scenarios.
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Fig. 8. Electric field and displacement currents for the SEC mode. Electric field and current characteristics for a forced time dependence of the air-gap thickness using
the present FSCP model. The electric field vs. time at the positions (a, d, g) 21, (b, €, h) 23, and (c, f, i) the corresponding I, for different R, o7, and Xax, respectively.
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